The Casimir effect is a force arising in the macroscopic world as a result of radiation pressure of vacuum fluctuations. It thus plays a key role in the emerging domain of nano-electro-mechanical systems (NEMS). This role is reviewed in the present paper, with discussions of the influence of the material properties of the mirrors, as well as the geometry dependence of the Casimir effect between corrugated mirrors. In particular, the lateral component of the Casimir force and restoring torque between metal plates with misaligned corrugations are evaluated.
I. INTRODUCTION
The Casimir force was predicted in 1948 by H.B.G. Casimir as an attractive force between two perfectly reflecting, plane and parallel mirrors in vacuum [1] . The force has been measured in different experiments with an increasing control of the experimental conditions [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . This has been considered as an important aim which should allow an accurate comparison between theoretical predictions and experimental observations [12, 13, 14, 15, 16] . These advances have been reviewed in a number of papers, for example [16, 17, 18] and in a special issue of the New Journal of Physics [19] .
Meanwhile, it has been realized that the Casimir force was a dominant force at micron or sub-micron distances, and then clearly an important aspect in the domain of micro-and nano-oscillators (MEMS, NEMS) [20, 21, 22] now emerging from modern nanofabrication techniques [23] . If the Casimir force has been primarly considered as a source of stiction between mobile parts, it is now recognized as an essential source of actuation to be used in the design of MEMS and NEMS.
In both fundamental and technological contexts, it is extremely important to take into account the real experimental situations which largely differ from the ideal conditions considered by Casimir. We review below some theoretical tools which have shown their efficiency for a general formulation of the Casimir effect, accounting for the material properties of the interacting plates as well as for the effect of non planar boundary geometries.
II. IDEALIZED CASIMIR FORCE
The Casimir force and energy between two perfectly reflecting, plane and parallel mirrors immersed in quantum vacuum have the following forms
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These expressions correspond to an attractive force F Cas and a binding energy E Cas . Remarquably, they depend only on geometrical quantities, the area A of the mirrors and their distance L (A ≫ L 2 ), and fundamental constants, the Planck constant and the speed of light c.
III. IMPERFECT REFLECTION
Experiments are performed with real metallic mirrors which good reflectors only at frequencies below their plasma frequency ω P which depends on the properties of the conduction electrons in the metal. The effect of imperfect reflection on the Casimir force and energy has been recognized long time ago [24, 25] though it has been described with good accuracy only recently [26, 27, 28] . We recall below the scattering theory of the Casimir force which has been developed and used to this aim [29, 30, 31] .
We begin with perfectly plane and parallel mirrors, separated by a distance L. The two mirrors form a FabryPerot cavity and the fluctuations of the intracavity fields propagating back and forth along the cavity axis can be calculated in terms of the fluctuations of the incoming free-space fields. The field modes are characterized by their frequency ω, transverse wavevector k with components k x , k y in the plane of the mirrors, and by their polarization p. Time invariance of the problem, as well as transverse spatial translation invariance (along x and y) ensure that the frequency, the transverse wavevector and the polarization are conserved quantities throughout the scattering process on the cavity. The scattering couples only the free vacuum modes with opposite signs for the component k z of the wavevector along the longitudinal z axis of the cavity. We write r p k [ω] the reflection amplitude of the mirror i = 1, 2 as seen from the inner side of the cavity. These amplitudes obey general physical properties of causality, unitarity and high frequency transparency.
The spectral density of the vacuum intracavity fields is changed with respect to that of free-fields outside the cavity. The ratio of energy inside the cavity to energy outside the cavity is fixed, for a given mode, by the fol-lowing function
This statement constitues a theorem which has been demonstrated for lossless as well as lossy mirrors [30, 32] . It does not depend on the state of the fields and is therefore valid for vacuum fluctuations as well as for thermal fluctuations, assuming thermal equilibrium. We do not discuss here the issue of thermal dependence of the Casimir effect (see for example the recent review [33] ) and restrict our attention to the zero temperature limit. The force is the difference in radiation pressure between inner and outer faces of the mirrors, integrated over all the modes. Using analyticity properties, the force and energy may be written as integrals over imaginary frequencies ω = iξ
κ[iξ] = k 2 + ξ 2 /c 2 is the longitudinal component of the wavevector evaluated for imaginary frequencies. The expressions (3) are regular for any physical model of the reflection amplitudes. High frequency transparency of any real mirror ensures that the integrals are convergent, and free from the divergences usually associated with the infinitness of vacuum energy. They reproduce the Lifshitz expression for the Casimir force [24, 25] when assuming that the metal plates have large optical thickness with reflection amplitudes given by the Fresnel laws on the vacuum-bulk interface
Here ε[iξ] is the dielectric function describing a optical response of the material inside the mirrors. Taken together, relations (3) and (4) reproduce the Lifshitz expression [24] . They are known to tend to the original Casimir expression in the limit ε → ∞ which produces perfectly reflecting mirrors [25] .
We may emphasize at this point that relations (3) are more general than Lifshitz expression which, incidentally, were not written originally in terms of reflection amplitudes [34] . They are valid for example for non-local optical responses of the mirrors provided the reflection amplitudes are substituted by their possibly more complicated expressions. The only limitation, discussed below, is associated with the assumption of specular scattering. 
IV. FINITE CONDUCTIVITY CORRECTIONS
We now review the corrections to the Casimir expression coming from the finite conductivity of the bulk material. Here, these corrections are deduced from relations (3), assuming Fresnel laws (4) for a local optical response of the bulk material. This function may be given by a simple description of the conduction electrons in terms of a plasma model
characterized by a plasma frequency ω P and wavelength λ P ≡ 2πc/ω P . It may be given by a more realistic representation based upon tabulated optical data and which includes the contribution of interband electrons [27] . The corrections to the Casimir effect are conveniently represented in terms of factors measuring the reduction of the force and energy with respect to the ideal limit of perfect mirrors
The results of the calculations are plotted on Fig.(1) for Au-covered mirrors. They are shown as η F varying versus the ratio of the cavity length L to the plasma wavelength λ P . For metals used in recent experiments, the plasma wavelength lies around 0.1µm (136nm for Au and Cu). At large distances L ≫ λ P , the ideal Casimir formula is recovered (η F → 1), as expected. At short distances, a significant reduction of the force is obtained, with a change in the power law for the variation of the force with distance. This change can be understood as the result of the Coulomb interaction of surface plasmons at the two vacuum interfaces [35, 36] . This interpretation may be actually generalized to arbitrary distances at the price of a full electromagnetic treatment of the plasmonic as well as ordinary photonic modes [37, 38] . The plasma model is sufficient for a first description of the variation of the force with distance but it is not sufficient for a precise comparison.
First, the relaxation of the conduction electrons has to be accounted for. Then, interband transitions are reached for metals like Au, Cu or Al for photon energies of a few eV and their effect on the optical response has to be taken into account for evaluating the Casimir force at short (sub-micron) distances. This can be done by using tabulated optical data which are integrated using causality relations [27] . The result of the corresponding evaluation is shown on Fig.(1) . It is worth stressing that calculations are sensitive to the existing differences in optical data between different tabulated sets [39] . This means that an imperfect knowledge of the optical properties of the mirrors used in the experiment is a source of uncertainty in the experiment-theory comparison. Ideally, if the aim is to have a reliable theoretical evaluation of the Casimir force to be compared with experiments, it is necessary to measure the reflection amplitudes in situ.
V. SILICON SLAB MIRRORS
As stressed in the introduction, the relevance of the Casimir effect on nanosystems calls for a precise understanding not only of the influence of material optical properties on the Casimir force, but also of the influence of geometrical parameters, such as the thickness of the coatings [40, 41] or the thickness of the mirrors themselves. In this context, structures made of silicon, the reference material used in nano-fabrication processes, are particularly interesting to study [42, 43] .
The reflection amplitude corresponding to a slab of finite thickness D is different from the bulk expression and is given through a Fabry-Perot formula
is the bulk reflection amplitude given by (4). Using these reflection amplitudes for calculating the Casimir force between two Si slabs, interesting behaviours have been noted [42] which differ from the situation of metallic mirrors. In particular, it was shown that the material thickness has a stronger influence on the Casimir force for Si slabs than for Au slabs. For Si, the force decreases as soon as the slab separation L is larger than the slab thickness D, as seen on Fig.(2) . In contrast to metals which become perfect reflectors in the limit of zero frequency, Si is a semiconductor with a finite transverse plasma frequency ω 0 corresponding to a cut-off wavelength λ 0 = 2πc/ω 0 ∼ 286nm. For cavity length L smaller than this cut-off wavelength, Si tends to become transparent. The associated optical thickness δ given in Eq. (7) is large, so that the Si slab behaves like a bulk Si mirror with low reflectivity at high frequency. The Casimir force is then much smaller than the perfect reflection limit of Eq.(1). On the other hand, at low frequencies ω ≪ ω 0 , one will have δ ≪ 1 together with cκ → 0, low frequencies being predominant at large distances. In this latter case, the slab is transparent again, and the Casimir force between two Si slabs is decreased when L ≥ D. This result can have interesting consequences for nanostructures as it opens a way to control the magnitude of the Casimir force and possibly eliminate an unwanted Casimir source of stiction. From a fundamental point of view, it also offers a new solution to study the comparison between experiment and theory of the Casimir force [43] VI. GEOMETRY AND THE CASIMIR EFFECT Geometry effects are expected to lead to a rich variety of behaviours in the Casimir physics [44, 45, 46] . Recent advances make it possible to explore this interplay, both from experimental and theoretical point of views. This also offers new possibilities for tailoring the Casimir force through specific designs [47] .
Force and energy evaluations between non planar mirrors are commonly obtained using the so-called proximity-force approximation (PFA) [48, 49] . This approximation amounts to an averaging of plane-plane contributions over the distribution of local interplate separations defined by the chosen geometry. For the energy, the PFA leads to
with h 1 (r) and h 2 (r) the surface profiles of each mirrors. Such profiles can be described by their spectra evaluated over the surface A of the mirrors
with h i [k] the Fourier transform of h i (r), and by the associated correlation lengths ℓ C . When they are smaller than the other length scales, the amplitudes of deformations can be considered as perturbations. A second order expansion in the profiles can thus be performed leading to
The trivial first-order term has been discarded, assuming that the deformations have zero spatial averages
The evaluation of the effect of geometry through the PFA, based on a summation procedure over local contributions assumes some additivity property of the Casimir effect, whereas the Casimir force is known not to be additive. The PFA can only be accurate for surfaces which can be considered as nearly plane with respect to other scales such as the separation distance L [50] . For example, it allows one to calculate the Casimir force in the plane-sphere (PS) configuration as
where E PP is the Casimir energy in the plane-plane (PP) geometry. Most recent experiments are performed in the plane-sphere geometry which is much simpler to control than the plane-plane configuration. The PFA is here expected to be valid provided the radius R of the sphere is much larger than the distance L of closest approach. But the PFA certainly fails for describing more general surface profiles. As far as plate deformations are concerned, it can only be valid in the limit ℓ C ≫ L which corresponds to a trivial specular description of the reflection process on the surfaces [51] . For the general case, a description of non specular scattering process on mirrors is available for analyzing the connection between geometry and the Casimir effect [51] . An expression for the Casimir energy between parallel mirrors with arbitrary surface profiles has been derived in [31, 52] 
This expression is based on non-specular reflection matrices R 1 and R 2 associated to each mirror. While the operator e −K(iξ)L corresponds to propagation of the field between the two mirrors, and is diagonal in the planewave basis with elements given by K(iξ) = k 2 + ξ 2 /c 2 , the two matrices R 1 and R 2 are non-diagonal on planewaves. This corresponds to a mixing of polarizations and wavevectors, due to non-specularity diffraction on the gratings formed by the profiles on the surfaces of the mirrors.
As it is reviewed below, this formula (12) has been used to evaluate the effect of surface roughness [51] or corrugations on the Casimir force [53, 54] . Analytical expressions have been derived through a perturbative treatment, with the roughness or the corrugation amplitudes taken as the smallest length scales involved in the problem. The effect of the optical response of the metal has been included in these calculations. It is worth stressing that this formula has a wider range of validity. It can in principle describe structured plates with large corrugation amplitudes, as well as material properties not limited to a simple plasma model. The only task for a quantitative evaluation of the Casimir force or energy is to obtain the actual form of the reflection operators R 1 and R 2 to be inserted into Eq.(12).
VII. ROUGHNESS CORRECTION
A correction to the Casimir force that must be accounted for is the effect of surface roughness, intrinsic to any real mirror. This effect is analyzed in recent experiments through procedures based on the PFA [55, 56] . The general formula (12) has been used to go beyond this approximation [51] . As already stressed, the roughness amplitude must be the smallest length scale for perturbation theory to hold. Meanwhile, the plasma wavelength, the mirror separation and the roughness correlation length may have arbitrary relative values with respect to each other.
We remind that the roughness profiles are defined with respect to reference mirror planes separated by the mean distance L. We assume that profiles have zero averages and show no cross-correlations. We also suppose that the area A of each plate is large enough to include many correlation areas (A ≫ ℓ 2 C ), so that surface averages are identical to statistical averages. Up to second order in the profiles, the correction to the Casimir energy may thus be written as follows
Here σ[k] corresponding to the roughness spectrum added over the two plates. G rough [k] is a spectral sensitivity to roughness of the Casimir energy. Due to cylindrical symmetry with respect to rotations in the transverse plane, it only depends on k = |k|. This dependence reveals that the roughness correction does not only depend on the root-mean-square (rms) roughness, but also on the spectral distribution of the roughness. Fig.(3) displays G rough [k] normalized by E PP as it has been calculated for Au-covered mirrors and for various interplate distances. The rich behaviours of G rough [k] as a function of the length scales is discussed in [57] . What we want to stress here is that this function describes deviations from the PFA. The width of the rough- 
This corresponds effectively to the PFA expression, as the consequence of a theorem which was proved in [51]
Equation (15) is nothing but a properly stated "Proximity Force Theorem". It can however not be confused with the "Proximity Force Approximation" (14) which is a good approximation only for smooth enough mirrors, that is also for large enough roughness correlation lengths ℓ C . In the general case, the PFA result (14) underestimates the effect of roughness. When performing the theorycomparison, one has therefore to carefully assess the roughness correction by measuring the roughness spectra in situ and using the roughness sensitivity function as given in [51, 57] . The PFA can only be used if ℓ C has been proven to be large enough or, in a looser way, when the roughness correction has been estimated to have a negligible value.
VIII. LATERAL FORCE BETWEEN CORRUGATED PLATES
As the roughness effect remains a small correction to the Casimir force, it seems difficult to measure the deviation from PFA regime and check its agreement with theory. Fortunately, there exists an experimental configuration showing more promising perspectives as a potential probe of the non-trivial interplay between the Casimir effect and geometry. This configuration corresponds to periodically corrugated metallic plates placed face to face in vacuum, so that a lateral component of the Casimir force arises due to the breaking of the transverse translational invariance [58] . A recent experiment has demonstrated the feasibility of a lateral force measurement at separation distances of the order of ∼ 100nm [59] . Since it would disappear in the absence of corrugation, the lateral force should not be considered as a small correction to the otherwise dominant normal Casimir force, as it was the case for the study of roughness. As we will see below, the deviation from PFA indeed appears as a factor in front of the lateral force, so that a precise measurement of this force would test in a crucial manner the interplay between Casimir effect and geometry [54] . As the experiments are performed at short distances, it cannot be described with the assumption of perfect reflection, where analytical results are available [60, 61] . Again, the general scattering formula (12) shows the ability to give an estimation for the lateral force for arbitrary relative values of the length scales λ C , λ P and L, provided the corrugation amplitudes a i=1,2 remain the smallest length scales of the problem.
We consider two metallic mirrors, both sinusoidally corrugated along one dimension, with the same corrugation wavelength λ C , separated by a distance L and facing each other with a relative spatial mismatch b between the corrugation crests -see Fig.(4) . The profiles h i=1,2 (r), r = (x, y), of the two uniaxial (along y) corrugated mirrors are defined by the two functions h 1 = a 1 cos (k C x) and h 2 = a 2 cos (k C (x − b)) with k C = 2π/λ C the wavevector associated to the corrugation wavelength λ C . We take both profiles with zero spatial averages. At the second order in the corrugations, cross-terms of the form a 1 a 2 appear which contribute to the lateral force because the energy depends on the transverse mismatch b.
This fact, a consequence of the correlation between the two corrugation profiles, induces a contrast with the case of roughness where the effect was associated with quadratic terms h 2 i=1,2 . It implies that the evaluation of the lateral force only involves first-order non-specular amplitudes calculated on each mirror separately. The full calculation gives the second-order correction to the Casimir energy induced by the corrugations
The function G C [k] is given in [54] and does only depend on the modulus k of k. Here again, the PFA regime is recovered in the k → 0 limit, as a consequence
This theorem is ensured, for any specific model of the material medium, by the fact that G C is given for k → 0 by the specular limit of non-specular reflection amplitudes [51] . In order to compare with experiments, we consider the expression of the lateral force in the plane-sphere configuration. It is derived from the plane-plane configuration using the PFA, reliable as long as L ≪ R. In fact, there is no interplay between curvature and corrugation provided RL ≫ λ 2 C , a condition met in the experiment reported in [59] . From Eq.(11), the lateral force in the plane-sphere geometry is eventually given as [54] 
The force is plotted in Fig.(5) as a function of k, with length scales λ C , λ P and L fitting the experimental values [59] . As the corrugation amplitudes are not small enough in the experiment to meet the perturbation condition, the theory and experiment can unfortunately not be compared directly. The plot on Fig.(5) nevertheless shows the interesting fact that the length scales taken from the experiment, with k indicated by the vertical dashed line, clearly fall outside the PFA sector in the perturbative calculation. For related implications, we refer the reader to the discussions in [52] . It appears clearly on the figure that the PFA overestimates the magnitude of the lateral force for arbitrary k. We also note that the PFA prediction for the force scales as k when k increases from zero. At larger values of k in contrast, the lateral force decreases. This is due to the one-way propagation factor separating the two first-order non-specular reflections at each plate, given as a decresing exponential e −kL in the high k limit [54] .
It follows that there is a maximal force when k is varied. It corresponds to k = 9 × 10 −3 nm −1 with the other length scales corresponding to the experiment. The ratio L/λ C = 1/π is thus falling outside the PFA sector which confirms that a lateral force measurement is an excellent candidate for probing deviations from the PFA.
IX. TORQUE
Another interesting observable for exploring the nontrivial geometry dependence of the Casimir energy is the torque arising when the corrugations of the two plates are misaligned. With this angular mismatch between the corrugations, rotational symmetry is broken and induces a restoring torque between the plates.
The calculations are quite similar to those which were done for aligned corrugated surfaces, in particular because the same non-specular reflection coefficients are used to describe each plate. The second-order correction is still given by the sensitivity function G C [k] which does only depend on the modulus of the corrugation wavevector k. The difference with the lateral force case lies only in the fact that the corrugation profiles h i=1,2 (r) = a i cos(k i · r − kb i ) corresponds to different corrugation wavevectors k i=1,2 having however the same modulus k = 2π/λ C . The angular mismatch between k 1 and k 2 is given by the angle θ. The parameters b i represent lateral displacements with respect to the configuration with a line of maximum height at the origin. We assume that the corrugation h 2 is restricted to a rectangular section of area L x L y centered at x = b 2 , y = 0 and much larger than L 2 so that diffraction at the borders can be neglected. With these assumptions, and in the limit of long corrugation lines kL y ≫ 1 with L x smaller or of the order of L y , the energy correction per unit area is given in [53] as
The spatial coefficient b = b 2 cos θ − b 1 is the relative lateral displacement along the direction k 1 . As expected by symmetry, this correction is invariant under the transformation θ → −θ and θ → π − θ due to the fact that the corrugation lines have no orientation. The case θ = 0 corresponds to the result of pure lateral displacement discussed in the preceding section. The scale of the energy variation with b and θ is set by the parameter λ C /L y . In fact, if plate 2 is released after a rotation of θ > λ C /L y , its subsequent motion is a combination of rotation and lateral displacements. Rotation is favored over lateral displacements for θ < λ C /L y (see Fig.(1) in [53] ). The torque τ = −∂δE PP /∂θ is evaluated in [53] for corrugated Au mirrors, with corrugation amplitudes a 1 = a 2 = 14nm, corrugation length L y = 24µm and separated by a distance of L = 1µm. It is maximum at θ = 0.66λ C /L and is plotted in Fig.(6) as a function of k. It starts increasing linearly with k in the k → 0 [53] . We also plot the results for perfect reflectors (dashed line) and PFA with plasma (Au) model (dotted line).
PFA sector and for the same reason as the lateral force, it decreases exponentially in the high-k limit. As is clear on Fig.(6) , the PFA overestimates the magnitude of the torque by a factor of the order of 2 at the peak value of the torque. The discrepancy even increases with k, since smaller values of k correspond to smoother surfaces. The conditions are gathered up towards a direct experimental evidence of a non-trivial effect of geometry. Fig.(6) also displays the torque when evaluated between perfect metallic corrugated mirrors [60] . The corresponding deviation with respect to the calculation given by Eq. (19) stresses that at a separation distance of L = 1µm, the optical response of the metal must be accounted for in an accurate evaluation of the torque. The perfect conductor limit is reached only if the plasma wavelength λ P is the smallest length scales (apart from the corrugation amplitudes) of the problem.
X. CONCLUSION
New perspectives for studying the interplay between Casimir effect and geometry are today clearly visible. The theoretical formalism is better and better mastered, so that a rich variety of configurations can be studied. Meanwhile, novel experimental capabilities are available, allowing one to address challenging questions. Proposals have been recently made for measuring the torque between birefringent dielectric disks [62] . A measurement between metallic corrugated mirrors seems to be more easily accessible, with the torque turning out to be up to three orders of magnitude higher than the torque between dielectric plates, for comparable separation distance. At the same time, alternative routes are explored in order to probe quantum vacuum geometrical effects [63] . Cold atoms techniques also look like particularly promising, as they should allow one to see deviations from the PFA on the lateral component of the Casimir-Polder force, with a Bose-Einstein condensate used as a local probe trapped close to a corrugated surface [64] . These trends suggest that demonstrations of non-trivial effects of geometry should be within reach.
